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CIENKOSCIENNE KONSTRUKCJE METALOWE

Swobodne i nieswobodne skrecanie cienkosciennych elementéow
Wyktad 8: . .
konstrukcyjnych o przekroju otwartym



SKRECANIE SWOBODNE (CZYSTE)

Wystepuije, gdy na konce preta dziatajg momenty skrecajqce o przeciwnych
znakach. Wéwczas deplanacja nie natrafia na opér, tzn. wystepuje swoboda
paczenia sie przekrojow.

Ends free to warp

Kqt skrecenia wynosi

jednostkowy kgt skrecenia
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‘ SKRECANIE SWOBODNE (CZYSTE)

Strumien naprezen

P Z==1
| 1
| 1
| 1
| 1
| 1
V) S = =T

T = Gti(p’
lub
M
T=—t
It

gdzie t; jest grubosciq scianki przekroju

7

Stress variation
(in all elements)

3/30



MOMENT BEZWLADNOSCI CZYSTEGO SKRECANIA

I_CX
r—3

i1s

b;t;

Rodzaj ksztaltownika

Wspotczynniki a wedtug literatury

[144] [118] [11]

Katownik walcowany rOwnoramienny 0,86+1,10 1,00 1,00
Ceownik walcowany 0,98=1.,25 .12 1,12
Dwuteownik walcowany zwyktly [,16+1,44 1,20 1.30
Dwuteownik walcowany szerokostopowy 1,21+1,47
Teownik walcowany 0,92+1,25 1,18
Zetownik walcowany 1,13+1,20
Spawany dwuteownik z usztywniajacymi przeponami

przymocowanymi do Srodnika 1 potek 1,50
Spawany teownik z tréjkatnymi przeponami

przymocowanymi do $rodnika i pétek 1,40
Nitowany dwuteownik bez pasow podiuznych 0,25
Nitowany dwuteownik z pasami podtuznymi 0,50
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‘ MOMENT BEZWLADNOSCI CZYSTEGO SKRECANIA

442 ( b2G 1,2\ 4AZEA, ,
— ’ I, = sin“ B cos“ 8
(12E1p " Ap> G2

I —
Tu ab




‘ SKRECANIE NIESWOBODNE

Poniewaz dwa oddalone od siebie przekroje dx nie majg mozliwoici deplanacii,
nastepuje odksztatcenie wzdtuz widkien x. Przemieszczenia i odksztatcenia

wynoszq odpowiednio:

u(x,s) = —@'(x)w(s), <_ .
Ju 17, I N K"‘-ﬂ
Ex = a = —¢ w. = > .

Powstajq wéwczas normalne
naprezenia wycinkowe

0w = Eey = —E¢@" . <5/"”/’> :




WPLYW SKRECANIA NA KSZTALTOWNIKI

SECTION TYPE SHAPE ST VENANT WARPING
Circular hollow sections O v -
Rectangular and elliptical 100 v «

hollow sections

Angles, Tees and
cruciform sections TL + v

Twin-flanged rolled and v v
fabricated sections I 1L

Thin cold-formed sections /Y x v

Key: ¥ = significant; * = negligible; — = does not act

7/30



R-NIE ROZNICZKOWE PROBLEMU

Réwnanie kqgtéw skrecenia preta nieswobodnie skrecanego

El,o® — Gl = m,(x).

Mozna je wyrazié jako

mx(x)
El, ’

(p(4) — kz(p(z) —

gdzie
Gl

El,’



SILY PRZEKROJOWE

Moment czystego skrecania

Mr(x) = Gl oW (x),

bimoment

B(x) = —El,9?,
moment gietno-skretny

My, (x) = _Elw(pB(x);

moment skrecajqcy

M(x) = My + M,, = Gl (x) — El,,03(x).



WARUNKI PODPARCIA

W wyniku catkowanie r-nia otrzymuje sie cztery state catkowania, ktére nalezy
wyznaczy¢ z warunkédw brzegowych na obu koncach pretéw.

zablokowanie skrecenia i deplanacji

@ =0, @ =0,

zablokowane skrecenie i mozliwa deplanacja

=0, B=-Elp?=0 > ¢® =0

swoboda skrecenia i mozliwa deplanacja

ga(l) = O’ M = GITQD(l) — EI(,()CP(B) — MX N QD(B) — 0,

10/30



ROZWIAZANIE OGOLNE

Kqt skrecenia preta obcigzonego statym momen’rem m(x)

<p(x) = Qo + go( )x + <p0 k2 (cosh kx —1) +

+ (p (smh kx — kx) — - (kx)2 — cosh kx + 1]

k4EIw 2

ZLaktadajgc widetkowe podparcie, réwnanie przybiera postaé

[
hk|5—x
m, k2 COS (2 )
o(x) = x(l—x)+ -1
KEL, | 2 cosh (l;l)
m.
> o T
geeeereeees
4/l g
y, V
4 / [ /

zZ, W 11/30
v /



~ ROZWIAZANIE SZCZEGOLNE

¢

Sity przekrojowe otrzymuje sie z e ¥
zaleznosci rézniczkowych: B

2

[
m coshk(i—x> R _ ‘ .
cosh (—) I I

Mr(x) = M(x) — M, (x), M,

m sinh k (% — x)

My, (x) = :

k kl
cosh (7)

M(x) = m, (é—x),

12730



ELEMENT WSPORNIKOWY

0 1 2 3 4 45 deg
\[ 1 1 1 1 1
0.025 0.05 0079 0 0.05 im0 0.05 0.1 m?
0 1 | 1 1 ] 1 ]
05 - - 4 .
305 x 127 b . 1 .
L=173m UKB42
10 - . .
As would be
i § i i expected this
areamirrors the
StVenant
b i 1 ’ contribution
Y (plotted 2nd left)
¥ 0 67% 0 33% 100%
\
i Deflected shape St Venant Warping moment Warping contribution
IT=17kNm of top flange contribution in flange (T,/T)
v (T/T) M)
Plan view

of cantilever
The expressions plotted above are:

Te . T .
- G_‘{'I [tanh%(coshﬁfl) ~sinh £ + ‘ﬂ 9= @[ta"h%mshf?* 5‘“’157]
‘;b':l tanhL Sinhi_coshi.‘.l —¢"”= T talthSil'l]'li—If:CiS]'ll
GI, a a a GITaz a a a
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ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

CASE DESCRIPTION FORMULA GRAPH
1 Torsional restraint at one ¢ =TxNGL) Not required
end only. . for this simple
o ¢ =TIGL) e P
No end restraint & =0
against warping. -
Point torque T applied at 9" =0
free end. For uniformly distributed torgue, ¢’ is not constant and there will be warping. However it is
This case represents the convenient (and safe) to assume a linear variation in ¢’ and end rotation of TL/(2GI,)
torsional equivalent of a
cantilever, but note that the
free end may or may not
be supported; torsional
behaviour is no different.
Both ends restrained ¢ =[Tal(Gl)] {tanh[L/(2a)]cosh(x/a) — tanh[L/(2a)] + x/a — sinh(x/a)} Not provided
against warping. ¢  =[TNGI,)) {tanh[L/(2a)]sinh(x/a) + 1 — cosh(x/a)}
Equal and opposite . o
torques T applied at ¢ =[THGla)] {tanh[L/(2a)]cosh(x/a) — sinh(x/a)]
the ends. ¢ = [T!{Gfra:)] {tanh[L/(2a)]sinh(x/a) — cosh(x/a)}
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ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

CASE DESCRIPTION FORMULA GRAPH
Torsional restraint at (&) forx < @l Use graphs
both ends. A (for )

Mo end restraint
against warping.

Point torque T applied at
an intermediate point ol
from one end of a member
of length L.

Alternatively:

Point torque T/3 applied
at quarter points

Or:

Point torque 772 applied
at third points.

¢ =[TalGI)] {(1 — alx/a + [sinh(al/a)tanh({Lia) — cosh{ aL/a)]sinh(x/a)}
¢ =[TNGL)] (1 — @) + [sinh({ el/a)/tanh(L/a) — cosh( al/a)]cosh(x/a)}

¢ =[TNGla)] [sinh(aL/a)/tanh(L/a) — cosh( cel/a)]sinh(x/a)

¢ =[TH Gl a*)] [sinh{al/a)tanh(L/a) — cosh{ al/a)]cosh(x/a)

(b) for x = ol

¢  =[TaNGI)] [(L — x)ada + sinh({alfa)smh{x/a)tanh({L/a) — sinh(al/a) cosh(x/a)]
¢  =[TNGIL,)] [-a + sinh(cl/a)cosh(x/a)'tanh(L/a) — sinh( aL/a)sinh(x/a)]
¢ =[TNGla)] [sinh{ aL/a)sinh(x/a)tanh({L/a) — sinh{al/a) cosh(x/a)]

¢ =[THGT r.:13]1] [sinh{ eelfa)cosh(x/aWtanh{ L{a) — sinh{ ceL/a)sinh{x/a)]

(c) for special case of x = @ = L/2

¢  =[TaNGI)] [L/(4a) +{sinh[L/{2a)}/tanh(L/a) — cosh(L/(2a)} sinh(L/(2a)]
¢ =[THGla)] {sinh[L/{2a)]/tanh(Lia) — cosh[LA2a)]} sinh[L/{2a)]

For quarter and third point loading, use formulae for single point load and add together
the results for the two or three applied torques (evaluated for 772 or 173, as appropriate).

B (for ¢")

15/30



ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

Mo end restraint
against warping.

Unifermly distributed
torque T along full length
of member.

CASE DESCRIPTION FORMULA GRAPH
4 Torsional restraint at ¢ =[TNGIL)] {(xL —x*)(2a") + cosh(x/a) — tanh[L/(2a)]sinh(x/a) — 1} Use graphs
both ends. . . . ) C (for &)
¢ =[TalGIL)] { Li(2a) — xla + sinh(x/a) — tanh[L/(2a)]cosh(x/a)} D (for ¢")

g = [TIEEFIIL]J 1—1 + cosh{x/a) — tanh[ LA 2a)]sinh(x/a)}
¢ =[TNGILa)] {sinh{x/a) — tanh[L/(2a)]cosh(x/a)}

As Case 3 but fully
restrained against both
warping and torsion at
both ends.

Note: expressions for K|
elc are given at the foot of
this table.

(a) forx < L Mot provided
¢  =[TalGL)] {(K, - K, + K,)[cosh(x/a) — 1] - sinh(x/a) + xla} (K, + 1)

¢ =[TNGI)] {(K, - K, + K )sinh(xla) - cosh(xla) + 1 }/(K, + 1)

¢ =[THGla)] {(K, - K, + K,)cosh{x/a) — sinh{x/a) } (K, + 1)

¢ =[TNGILa")] {(K, - K, + K )sinh(x/a) — cosh(x/a) } (K, + 1)

(D) for x = el

¢ =[TalGI)] K, +K cosh(xla) +{[cosh{alLla) — VK, +cosh(eLla)}sinhixla) - xlal(1 + LK)

¢  =[TNGL)] [Ksinh(xla) + {[cosh(al/a) — 1VE, + cosh{al/a)}cosh(xla) — 1]/(1 + 1/K))

g = [Tff[r'f]a‘]] [a‘{juuxh{x.fcr‘] +{[cosh{ eelfa) — IJ.I'IKI + cosh( celfa)} sinh(xfa) /(1 + I/K))

¢ =[TNGIa")] [K sinh(xla) + {[cosh(alia) — 1YK, + coshalia)}cosh(x/a))/(1 + L/K))

16/30



ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

CASE DESCRIPTION FORMULA GRAFPH

6 As Case 4 but fully ¢ =[Tal(2GI)] {[1 + cosh{L/a)][cosh{x/a) — 1}/sinh{L/a) + (1 — x/Lx/a — sinh(x/a)} Nat provided
restrained against both , ) . .
warping andglﬂr&inn at ¢ =[TN2G1,)] {[1 + cosh(L/a)]sinh(x/a)/sinh(Lia) + 1 — 2x/L — cosh(x/a)}
both ends. ¢ =[TN2GLa)] {[1+ cosh{Lfa)]cosh(x/a)/sinh(L/a) — 2a/L — sinh{x/a)}

¢ =[TN2GIa")] {[] + cosh(L/a)]sinh(x/a)/sinh(L/a) — cosh{x/a)}

As Case 1 but one end ¢ =[TaNGI,)] {tanh({L/a)[cosh(x/a) — 1] — sinh(x/a) + x/a} Use graph
at x =) is restrained s . . E (for bath

gga‘inst L;rping swell ¢ =[T(GI)] [tanh(Lia)sinh(x/a) — cosh(x/a) + 1] : n{d i ¢

as against torsion. ¢’ =[THGla)] [tanh{L/a)cosh{x/a) — sinh(x/a)]

Pointtorque I'applied at ¢ = [T/(GI a)] [tanh(L/a)sinh(x/a) — cosh(x/a)]

free end.

Note that the free end may

or may not be supported;

torsional behaviour is

no different.

As Case1butoneendis ¢ =[Tr(GIL)] {K [cosh(xia)— 1] - (Liaysinh{x/a) + (x/a)[Lia —x/(2a)]} Use graph
restrained against both , . . E (for both

warping andglclrr&inn. ¢ = [Tal(GI L)] [Ksinhix/a) — (L/a)cosh(x/a) + (La — x/a)] an{d ¢ ¢

Torque T uniformly ¢ =[TNGIL)] [Kcosh{x/a) — (L/a)sinh(x/a) — 1]

distributed along the ¢"" = [TIGI aL)] (K sinh(x/a) — (Lia)cosh(x/a)]

length of the member.

Note that the free end may
ar may not be supported;
torsional behaviour is

no different.
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ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

DESCRIPTION FORMULA GRAPH

As Case 4 but one end g = [Tazf{{ffr.t]] 1K Jtanh(Lia) — x/a — tanh({Lia)cosh(x/a) + sinh(x/a)] + cosh{x/aVcosh(Lia)— Mot provided
is fully restrained against Vcosh(Lia) — 22a™)}

both warping and torsion.
¢ =[Tal(GIL)] {K, [-]1 — tanh{L/a)sinh{x/a) + cosh{x/a)] + sinh{x/a)/cosh{L/a) — x/a}
¢’ =[TNGIL)] {K |- tanh{L/a)cosh(x/a) + sinh(x/a)] + coshix/a)/cosh(Lia) - 1}
¢ =[TNGlal)] {K |- tanh(L/a)sinh(x/a) + cosh(x/a)] + sinh{x/a)cosh{L{a)}

Torsional restraints at
both ends.

= [2TNGI)] [x/6 — xa*/L* + (a*/L)sinh(x/a)sinh(L/a) — x*/(6L%)] Not provided
[2THGI)] [1/6 — a*/L? + (a/L)cosh(x/a)sinh(Lfa) — */(2L%)]

[2TH( GI1)] [{ /L)sinh{x/aWsinh(Lia) — x/L?]

¢ =[2TNGI)] {[1/al)]coshix/a)sinh{Lia) —1/L*}

n
&
P

P

Mo end restraint
against warping.

Torgue per unit lenath
varying from zero at LH
end (x=0)to 2T/L at RH
end (v = L). Total torque T.

K = {[1 — cosh{aL/a)]/tanh(Lia) + [cosh({aLia) — 1])/sinh{Lfa) + sinh(cxlla) — alla} | {[cosh(Lia) + cosh{ el /a) cosh(Lia) — cosh{el/a) — 1]/ sinh(L/a) +
(e — 1)Lia — sinhf{exlfa)}

K, = [coshi{ cLfa) — 1}/] Klsinhfﬂa}] + [coshi eelda) — cosh(Lia) + (Lia)sinh{Lia)]/sinh{ L/a)
K, = l/sinh{L/a) + sinh{ @L/a) — cosh{aL/a)]/tanh{L/a)

K, = sinh({ L/a) — cosh{ @Lfa))tanh(L/a) + 1/tanh{L/a)

K, =[1- uush{aﬁ.f&}]ﬁ[ﬁfllunh{ﬂa}] + [1 — cosh{eLfa) cosh{L/a)]isinh{L/a)

K, = tanh{Lfa)[Lfa — sinh({L{a)] + cosh{L{a)

K, = [L¥(2a*) — 1 + 1fcosh{L{a))/[tanh{Lfa) — (Lia)]

Caution: Mote the comments in Sections 2.6 and 7.6 before assuming warping fixity at member ends (indicated by the vice-like device). 1830

In every case, T is the total torque acting on the member.



ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

Lfa

#Gl_(Ta)

Both ends restrained against torsion but free to warp

A )
Q'\/ // ]
v P 3=
// /'/ ) =
A - 9
/ rif_':'_j?"" L
// / | e X o3 /_,-
/ // | | s+
// e . " L ﬂ"_:f.-f#n: i
é T ————T ¢
ra / . = - / ,__-—"J,--"”"—‘ r ————— 2 ----- . N N
- = ] | —T
A T A
N A _ | A =
//f //,f “ — atx=al —‘ /,%
/ é T T
o ! ‘ A4 0 o 002 o e |
. ' _g #Gl A Ta)
T - Y

19/30



ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

Bl
/ /1] ff.
/ /1]
. [ 1]
#'Gha / { 1]
: AR
) ot / A 1/ V]
U | AW )
o A /1]
v n?~",/ /'/ //
b éa/ /
&1 /] Af
oﬁ*“p a.///
| // L~ o1’ <
// - ‘/..-" /‘/4/0-
A | L1 =
_ fﬁ’f}iﬁﬁf
L=
—¢"Gl, a/T

Both ends restrained against torsion but free to warp 20/30



ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

Lia

00— N -
| |

T (uniformly distributed)

o —
T3 T3 T3 .
§I:§ F ﬁcﬂ 1§ 1/4 point
B —— 8 e
— T2 T/2 .
i{ f:' F -‘-{E 1/3 point
ol : D ~
A0 —]
50—
an—

. =

A uniformly
distributed torque

B 1/4 point torque dai, at midspan \
i ] I T 1
g Ta ' ] om o s o 005
1 — v € 1/3 point torgue #al./(Ta)
: b, S '
D 1/3 point torque o at third point
|
o 1 | | | | | | | |
00 0 0 03 04 05 05 07 08 09 10

Both ends restrained against torsion but free to warp

$Gl_/(Ta)
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ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

Lfa

a0

0

&0

]

&l

50

40

in

bl

1]

T (uniformly distributed) —

T3 T/3 T/3

w Vapoint

§1 fr:é: T2

Tr2 o _
{;: IE 1/3 point

) _

\ NN -
\ N[
\ \\ \‘ — &
—C
\ \|
\ , // A uniformly -
} / /] distributed torque -¢'GI, i _
/7 . oo — at midspan
PJ,/-' point torque —
. ’_‘/’ ﬁ — — C 1/3 point torque -iﬂ';'GI, at third point :
_—T
s
I ol 0z 04 0s
-¢'GlalT
Both ends restrained against torsion but free to warp 22/30



ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

. | | I ‘ l | T T T T T T T
A éGfT at free end .
Uniformly distributed torque Ta point torque
= at the end
st@% T o
s B ﬂ at suppaort
&0
Point torque at the end G,
2 c TaT at free end uniformly
10 §1 E distributed
—_d" torgue
¢'Gl, at suppaort
a0 T — A
_'_._,..--"
Lia t— — R
1] ] .
_.--"'"-'f
—
_.--"""'_f — D
40 f.’_‘__,...r-*
el
.-ﬂ""'f
1) —
_——-_
'__———‘
f"’f = i __'______——"
]
'_____-—7—
f_____—' .
,_,.—-:‘_,-’
10 / L ..---""-'
— - T
oo (______-_-_____—-____________.-
02 04 06 08 s 12 14 15 18 0
PGl /Ta or —4"'Gla/T
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‘ ROZWIAZANIA PRZYPADKOW SZCZEGOLNYCH

100

an

1]

\
\

Both ends restrained against torsion but free to warp
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‘ DYSTRYBUCJE DIRACA 1 HEAVISIDEA

Funkcja Heavisidea

Delta Diraca

1.0 :
0.8 :
06 |
04 |
0.2 :
0.0 :

-0.2

+oc0, x=0
5(x)={0 x # 0

lllllllll l rTrrrrrrra l rrrrrrrnrd rrrrrrrnria
IIIIIIIII I 11 1 1 1 1 1 1 1 I | N T N T N | | N T T N T |
1 0 1 2

1, x>0
H(x):{o x <0

12 T rrrrryd LINN A B B I D B B B DN DN D B BN D B NN BN | LI B B B A B B B

10 -
|
I

08 - | —
|

06 - | -
®

04 l =
|
|

0.2 = | =
I

0.0 | ' —

_0.2- IIIIIIIII | lllllllll | lllllllll |. |||||||||
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ELEMENTY WIELOPRZESLOWE

Réwnanie rézniczkowe elementu wieloprzestowego:

El o™ (x) — Glr @ (x) =

m

= BSW(x — xp) + M, 6(x — x5) — z M,8(x — ay)

p=1

pm

26/30
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ROZWIAZANIE OGOLNE

Rozwiqgzanie ogdlne r-nia skrecanego preta wieloprzestowego:

1
o(x) = @q + <p(()1)x + <p(§2) ) (coshkx —1) +

1 B 1
+ (pé?’) ] (sinh kx — kx) + T [coshk(x —xg) — 1]H(x — xp)
w

M, 1
#ﬁ [sinh k(x — xp) — k(x — xp) | H(x — %)
mw
M, 1
— —— [smh k(x —ap) — k[x — Clp]H(x - ap)]
J El, k
p:
m, 1
+ Elx 2—1{4{[2 cosh k(x — xp1) — k?(x — xm1)? — 2]H(x — Xyp1)
w

— [[2 cosh k(x — xpn3) — k?(x —=)? — 2]H(x — xn2) |}
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‘ PRZYPADKI SZCZEGOLNE

@(x)
B

{x coshk(l — xg)

l — sinh kx + [coshk(x — xg) — 1]H(x — xB)}

~ k2EI,

a dddl Yot prISIIA
) | B |
/ X o X
ENARE
| | X“
y 7 / / Y SIS 1
%Y 4 } ] }
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PRZYPADKI SZCZEGOLNE

p(x) =

m
k4ExI {_(xml - xmz)k2

[sinh k(I — x,,,;) — sinh k(I — x,,;5)] sinh kl — [cosh k(l — x,,1) — coshk(l — x,,,,) — 2 (xml sz)] cosh kl

- sinh kI — kil cosh ki fex

kl[sinh kl(l — x,,1) — sinh k(I — x,,,,)] — cosh k(I — x,,1) coshk(l — x,,5) + kz (x2,, — x25)
sinh kl — kl cosh kl

+ sinh kx

2 2
+ [cosh k(x — x,,1) — - (x —xm1)? — 1] H(x — xp) — [cosh k(x — x) — £l (x — xXp2)?% — 1] H(x — x,,2)

L 54

A la) {

““m2 /

A e
—
\
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‘ PRZYPADKI SZCZEGOLNE

¢(x) =
M sinh kl cosh k(I — xp;) — [sinh k(I — x,) + kxy,] cosh kl

_ X
~ K3EI, ikx sinh kI — kI cosh kI
sinh k(I — xp;) — kl cosh k(I — x) + kxy,

sinh kl — kl cosh kl
+ [sinh k(x — xp) — k(x — xp) — k(x — xp)|H(x — xM)}

kx

sinh kx

C) o e
[ M ,l
/ £ J/ X
Fd 1 /
X
yVv » “I'_ j » 1/ —l'—' } Y, §
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